We outline a simple method for estimating the cross-spectral matrix of coastal-trapped wave amplitudes, A, from a set of oceanographic observations. Specifically, we propose that A may be estimated by (M'M)-IM'OM(M'M) -1 where a prime denotes conjugate transpose, fJ is the sample cross-spectral matrix of observations and M is a matrix which has the spatial form of the waves for columns. In general, M will be complex and frequency-dependent. We discuss the bias of this estimator and show how to estimate the variance of the power and cross spectra of wave amplitudes.
In this paper we present a method for estimating the cross-spectral matrix of modal amplitudes, henceforth referred to as A. The expression for A is simple and depends only on the cross-spectral matrix of observations (U) and the modes (M), both of which may be complex and a function of frequency. The diagonal elements of A are the spectral densities of the modal amplitudes; they give the energy associated with each mode. The normalized off-diagonal elements of A give the phase lag and coherence, and hence the strength of the coupling, between the modal amplitudes. To keep the discussion focused, we present the method in a shelf circulation context where the modes correspond to coastal-trapped waves. However, the method may be applied to any linear system where the modes are known and the cross-spectral matrix of modal amplitudes is required. Given the simple form of A, it is straightforward to test its sensitivity to changes in array configuration (by modifying M) or instrument performance (by postulating different forms for U). Thus we anticipate that our method may be useful in the design of observing arrays. It is also easy to test the performance of different models (i.e., combinations of modes) on the observations, after they have been collected.
In addition to A, we also define a cross-spectral matrix of residuals, R. It too can be easily calculated from M and U. This matrix is of special interest to the oceanographer because it describes motions which cannot be represented by coastal-trapped waves.
In the following sections we outline our method for estimating A. We stress that the method is simple to understand, and use, as illustrated by the recent paper of Middleton and Wright [this issue] on the generation and propagation of coastal-trapped waves on the Labrador Shelf. 
n where C•n(X ) is the nth eigenfunction derived from (1) and a n is its amplitude. In general, the a n are determined from the local wind forcing and the amplitudes of the shelf waves moving into the model domain across the upstream bound- In the next section we outline a method for estimating the spectral density of the modal amplitudes, an, and the coherence and phase between pairs of them.
FITTING THE MODEL TO THE OBSERVATIONS
In this section we will assume the observations are onshore currents. This will clarify the connection between the dynamical model, described in the last section, and the statistical method. Note, however, that the statistical method is quite general and would work with any other variable, or a combination of variables. We start by intro- 
where • denotes expectation. Combining (6), (7) and (8) we obtain the required covariance matrix of modal amplitudes: 
If we choose A to minimize Q(A) we again recover (9). Note that we minimized the sum of all squared differences between the elements of U and •. If we chose instead to minimize over just one half of these symmetric matrices, arguing that the other half contained redundant information, there is no guarantee A would be positive semidefinite as required by any realizable covariance matrix. Simple examples can be found to prove this point. Summarizing, (9) is a simple expression for the covariance matrix of modal amplitudes. It depends only on the modes and the covariance matrix of observations. Equation (14) 
To obtain the frequency-dependent generalization of (4) note that the observation vector can also be expressed, quite generally, as
U = f_• e i•øt du(w) (25)
where du is the random orthogonal increment processes defining the observations. Equating (24) and (25) leads to the frequency-dependent generalization of (4)' •. This leads us to the following estimator for A:
du = M(w) da0(w) + dr(w)
Thus given the modal shapes, and a sample cross-spectral matrix of observations, (29) provides a straightforward way to estimate the cross-spectral matrix of modal amplitudes.
ASSESSING THE MODEL FIT
We now examine the sampling distribution and bias of the estimator 3.. To keep the discussion as simple as possible, we will again focus on covariance matrices; the generalization to cross-spectral matrices is straightforward. The residuals include both instrumental error and motions which cannot be described in terms of the fitted modes. In practice, our physical understanding is usually so incomplete that it will not be possible to specify a priori the covariance structure of the residuals and hence determine the bias.
Sampling
However, as shown below, it is possible to identify an important class of models for which the bias is zero, and also assess how the bias will be affected by instrumental noise.
If the residuals are orthogonal to the modes, as in ($), it is straightforward to show that /3 is zero and hence 3. Usually different types of data will be available for analysis, e.g., currents and sea levels. Thus how do we weight the relative importance of different variables when fitting the model? There is no easy answer to this question, although we note that weighting can be readily incorporated into the method. We could, for example, normalize the elements of • by the square root of spectral density. This corresponds to replacing • by the complex coherency matrix. Alternatively an estimate of the signal-to-noise ratio could be used, based on experience of instrument performance. Given that weighting will usually involve subjective judgements about data quality, it is probably best tackled on a case-by-case basis. On an encouraging note, our experience with oceanographic data shows that • is relatively insensitive to the weighting scheme if the model fits well.
Coastal-trapped waves can be forced by the local wind or they can be forced remotely, by distant winds or offshore eddies for example, and then propagate into the region of interest. Our estimate of A does not distinguish between free and forced components. One way to isolate the free component, or at least a part of it, is to remove the forced component using a frequency domain regression model with local wind as an independent variable. We note, however, that the regression model will also remove that part of the free component which is forced by remote winds coherent advantage of this approach is that it also gives the coherence and phase between the local wind and modal amplitudes.
Finally we reemphasize that although the method has been described in terms of free coastal-trapped waves and simple array configurations, it may be applied to any linear system where the spatial forms of the waves are known and the cross-spatial matrix of their amplitudes is required.
